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THERE WAS A HANDOUT FOR THIS
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Do you derive the quadratic formula or just state it?
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ONE PERSON SHARED THAT SHE LIKES
TO JUST THROW IN “SOLVE ax? + bx +

c = 0” AT THE END OF AN EXERCISE OF
SOLVING QUADRATIC EQUATIONS BY
COMPLETING THE SQUARE, AND THEN
SEE THE SURPRISE ON STUDENTS’
FACES AS THEY DISCOVER THEY HAVE
DERIVED THE QUADRATIC FORMULA!




THE FACTOR THEOREM

f (x) IS A POLYNOMIAL FUNCTION:
x = alISAROOTOF f(x) = 0 & (x — a) ISAFACTOR OF f(x)

x = alSAROOTOF f(x) = 0 & (x — a) ISAFACTOR OF f(x)

IF f(x) = (x — a)g(x), WHERE g(x) IS ALSO A POLYNOMIAL FUNCTION,
f(a) =0xg(a) =0,SOx =alSAROOTOF f(x) =0

BUT x = aISAROOT OF f(x) = 0 = (x — a) ISAFACTOR OF f(x)
?



THE FACTOR THEOREM

f(x) IS APOLYNOMIAL FUNCTION:

x = a ISAROOT OF f(x) = 0 = (x — a) IS AFACTOR OF f(x)
.,

LET f(x) = po + p1x + P2x* + p3x® + -+ pp1x™ 1 + ppx”
fla)=0
SO f(x) = f(x) — f(a)

=Po + P1X + P2x* +p3x> + -+ P X+ pa
— (po + p1a + p2a* + psa® + -+ p,_1a* ! + pa")

=p1(x—a) +pa (22 —a?) + p3(x* — a@3) + -+ pp (A7 — a7 1) + pp(x™ — a™)



THE FACTOR THEOREM

f(x) IS APOLYNOMIAL FUNCTION:

x = a ISAROOT OF f(x) = 0 = (x — a) IS AFACTOR OF f(x)
.,

BUT
2 _ 42 — _
x*—a-=kx—a)lx+a)

x® —a® = (x— a)(x? + ax + a?)

xt —a* = (x — a)(x® + ax® + a*x + a®)

"—a"=(x—a)(x" T +ax" ?+alx" 3+ adxt + o+ av x4+ a)



THE FACTOR THEOREM

f(x) IS APOLYNOMIAL FUNCTION:

x = a ISAROOT OF f(x) = 0 = (x — a) IS AFACTOR OF f(x)
.,

SO
fx) =pi(x —a) + p2(x? —a?) + ps(x® —a3) + -+ pp_1 (a1 — a™ 1) + p,(x™ — a™)
= pi(x — a) + po(x — a)(x + a) + p3(x — a)(x% + ax + a?) + ---
+Pp1(x—a)(a" 2 + ax® 3 + a?x"t + -+ a7 ?)
+ X — a)(x"—l +ax™?% +a’x" 3+ -+ a"_l)
=Xx—ap1 +p2lx+a) +p3\x*+ax+a” )+ -
(x —a){ (x + a) + p3(x? 2)
+ pn—l(xn_z +ax* 3 + a4+ an—Z)
+ pn(x"‘1 +ax" 2+ a3+ -+ an—l)}

AND (x — a) IS AFACTOR OF f(x)



Partial Fractions

Students just get taught the three types of partial fractions and become familiar
with what to do, but there is also a lot of trust that partial fractions will always
‘work’. How do we know there aren’t cases where it doesn’t work?
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Partial Fractions

Students just get taught the three types of partial fractions and become familiar
with what to do, but there is also a lot of trust that partial fractions will always
‘work’. How do we know there aren’t cases where it doesn’t work?
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Partial Fractions

Students just get taught the three types of partial fractions and become familiar
with what to do, but there is also a lot of trust that partial fractions will always
‘work’. How do we know there aren’t cases where it doesn’t work?
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Partial Fractions

Students just get taught the three types of partial fractions and become familiar
with what to do, but there is also a lot of trust that partial fractions will always
‘work’. How do we know there aren’t cases where it doesn’t work?
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Partial Fractions

Students just get taught the three types of partial fractions and become familiar
with what to do, but there is also a lot of trust that partial fractions will always
‘work’. How do we know there aren’t cases where it doesn’t work?
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Partial Fractions

If we put this to one side, students can be unhappy about substituting x = a
when (x — a) is a factor of the denominator of the algebraic fraction? How do
you satisfy them?
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Partial Fractions

SOMEONE SHARED THAT THEY LIKE
TO ALLOW STUDENTS TO CONTINUE
WORKING IF THEY HAVE THE WRONG
STARTING POINT, THEN CHALLENGE
THEM AT THE END TO CHECK THEIR
ANSWERS WORK (AND TO SEE THEIR
SURPRISE WHEN THEY DON’T!).




Generalised Binomial Theorem

How do you explain why (1 + x)™ is valid for |x| < 1?
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RRIEF INTERLWUDE : THE RATo TEST
Consider  the surles Z 0. , o, #0 ¥r.

Lot \
lbﬂ&l M=o ©
?éﬁt[;’ ? [ < 1 thi?, N TON (gnuﬁftbo.\') C\\@SM@ &’&D&mﬂ5 Z \CL\ wJ\\JU%QS
- 2_ \wm}(’jg@)

L L>1, the Series diverogs
: 'Lg | =1 either condusion is poS&L\L)\Q,.



lob L= bin | 2] ond suppose thok L<1.

r— e

Ton o, oxicks some, £ such ok L<t < |
So L:E:u:m c:“ < t
= 3 R sudh that \c::‘\ét ¥r>R

= Jag\< tlo] Nezk

In posticulos | OLQH\ < E\QR\
logu| <t log,| < £ lag

\QR+\L\< : \O‘Rw-x\ < tl\&mu \ S --

<t \ag\



k \QR\+\O‘R+1 \&ﬂ.\*’ + QRHL\“\_

’st S E‘Nﬁ S < lagl+tla \“L‘Z\OLR\J“-th | og| +-

:\&R\(\Jr b+ +- +\:k*-~>

CoNVernes tg __-— sinee 0 ¢ Leb<l
Uinit ot
nﬁ'nw?hxt

i s e, e b s

\—t
30 Zl(lr\ % %L&}mmm% % \a,.\ cmwgq,s =) Z\ Qp CDWF/F%%



Generalised Binomial Theorem

How do you explain why (1 + x)™ is valid for |x| < 1?
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Exponentials

There is so much beauty contained in the number e, does anyone else feel that
we are selling the students short if all we show them is that y = a* is its own
gradient function precisely when a = e? Do any of you have ways of introducing

more of the properties of ?
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Exponentials

There is so much beauty contained in the number e, does anyone else feel that
we are selling the students short if all we show them is that y = a* is its own
gradient function precisely when a = e? Do any of you have ways of introducing
more of the properties of e?
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Small angle approximations

How do you explain these?

® When 0 is small and measured in radians:
e sinf=@0

e tanf =8¢0

2
e cOsO=~1- % Challenge

1 The diagram shows a right-angled triangle ABC. £BAC = 6. An arc, CD, of
the circle with centre 4 and radius AC has been drawn on the diagram in

blue.
AM

£

a Write an expression for the arc length CD in terms of AC and 6.
Given that @ is small so that, AC= AD ~ AB and CD = BC,
b deduce that sinf =~ # and tanf ~ 6.

2 a Using the binomial expansion and ignoring terms in x* and higher
powers of x, find an approximation for v1 - x?, |x| < 1.

2
b Hence show that for small 6, cosf@ ~ 1 - % You may assume that
sinf = 6.



Differentiation

How do you explain the Chain Rule? The Product Rule?
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Definite Integration

Explaining indefinite integration as the reverse of differentiation (or
noitaitnereffid, as | like to call it) feels quite natural, but how do you go about

explaining how definite integration leads to giving the signed area between a
curve and the x-axis?
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Definite Integration

Explaining indefinite integration as the reverse of differentiation (or ’\‘\is\gl (i, P (=)
noitaitnereffid, as! like to call ) feels quite natural, but how do you go about |
explaining how definite integration leads to giving the signed area between a (xt-.'F(xa~.)) \
cunveand the 1-a4s? >
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Definite Integration

Explaining indefinite integration as the reverse of differentiation (or
noitaitnereffid, as | like to call it) feels quite natural, but how do you go about
explaining how definite integration leads to giving the signed area between a

curve and the x-axis?
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Complex roots of a polynomial equation with real coefficients always appearin
conjugate pairs.
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Complex roots of a polynomial equation with real coefficients always appearin
conjugate pairs.

(EN)* = 2
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Complex roots of a polynomial equation with real coefficients always appearin
conjugate pairs.
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Complex roots of a polynomial equation with real coefficients always appearin
conjugate pairs.
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Complex roots of a polynomial equation with real coefficients always appearin
conjugate pairs.
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Invariant lines.

You are taught to find invariant lines of the form y = mx + ¢, but it should be
addressed that not all straight lines can be expressed in this form... so might

there be others?
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Invariant lines.

You are taught to find invariant lines of the form y = mx + ¢, but it should be
addressed that not all straight lines can be expressed in this form... so might

there be others?
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Second order differential equations.

2
When you show how the general solution of the of a 2732’ +b % + cy = 0, when

the auxiliary equation has complex roots, a + if3, isy = e**(C cos Bx +

D sin Bx), how do you explain the appearance/disappearance of i? After all, in
the case of Simple Harmonic Motion, for example, the solution is entirely based
in the ‘real world’. Talking of which, do you have a concrete way of explaining the
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Second order differential equations.

Finally, for non-homogeneous second order differential equations how do you
justify using the trial function y = xf (x) when f(x) is already part of the
complementary function? Come to think of it, how do you explain why the
general solution of a homogeneous second order differential equationisy =
Ae?t* + Bxe*1* when the auxiliary equation has repeated root 1,7
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Second order differential equations.

Finally, for non-homogeneous second order differential equations how do you
justify using the trial function y = xf (x) when f(x) is already part of the
complementary function? Come to think of it, how do you explain why the
general solution of a homogeneous second order differential equationisy =
Ae?t* + Bxe*1* when the auxiliary equation has repeated root 1,7
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Second order differential equations.

How do you explain that the most general solution to a second order differential
2
equation has two unknowns? It is clear when the equation is of the form % =

2
f(x), but less obvious when it is of the form a% +b Z—Z + cy = f(x).
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Second order differential equations.

@ Damped and forced harmonic motion

You can refine the model for simple harmonic motion by adding an additional force which is
proportional to the velocity of the particle. When this force acts so as to slow the particle down it is
known as a damping force, and the motion of the particle is known as damped harmonic motion.

= For a particle moving with damped harmonic motion w You cotild also write
:.: kdx+w2x 0 this as ¥ + kx + w?x = 0.

where x is the displacement from a fixed

point at time ¢, and & and w? are positive ' uq_ O\A(A!\ [ SQk H'\Q (JI\OJ!\(Q_

constants. This is an example of a second-order d/\u b l
There are three separate cases corresponding to homogeneous differential equation. You can solve 170 wwg u!;

" . . L equations like this by considering the auxiliary M
the auxiliary equation having distinct real, equal equation. AR s MA\ M(Q h) have Md‘ﬂ

or complex roots. ” h(}&
When k? > 4w? there are two distinct real roots for the auxiliary equation. This is known as heavy (c $

damping. In this case there will be no oscillations performed as the resistive force is large compared | o L\(l}‘ﬁ, ? {
ok fo distust !

with the restoring force. Av%

When k? = 4w? the auxiliary equation has equal roots. This is known as critical damping. Again there
will be no oscillations performed.

When k? < 4w? the auxiliary equation has complex roots. This is known as light damping and is the
only case where oscillations are seen. The amplitude of the oscillations will decrease exponentially
over time.

For heavy and critical damping the exact nature of the motion will depend on the initial conditions
given.

For light damping the period of the observed oscillations can be calculated.



Maclaurin Series

Do any of you justify the ‘valid for’ part of the Maclaurin Series that students are
told to just use blindly from the formula book? If so, how do you do it?

Tre Further Moths Rl texbbook dos WE‘U b e ratio bost  budk onhd a8 a
Cha&aﬂgb

The ratio test is a sufficient condition for the convergence of an infinite

R v = s B ar+l "
series. It says that a series Y _a, converges if 1'_{‘5'0'7," < 1, and diverges

r=1

e a
if lim|—=| > 1.
r<»

=| d,

Use the ratio test to show that
a the Maclaurin series expansion of e* converges for all x € R

b the Maclaurin series expansion of In (1 + x) converges for -1 < x < 1,
and diverges for x > 1.

| have, used B calio test o deive the “wlid for stoboruts thal, a w%m
| s surpised how stightpoand. B w03 - duy dort e do fus PO



Configuration of planes when there is not a unique intersection point.

Is there a strategy behind what you teach? Are you able to get your students to
understand why your strategy works?

Fosist to show an man@h&!

a Determine the values of the real constants ¢ and b for which there are infinitely many
solutions to the simultaneous equations

2x+3y+ z=6 @
-X+ y+2z=7 @
ax+ y+4z=»>b @ (6 marks)

b Give a geometric interpretation of the three planes formed by these equations.
(1 mark)

My strobeoy : eininale he same. vaxiable fom o o CJE equakions -

1xQ - @ : ‘Sx.+5\:):5
= x..+3.=.\ ®

b0 - @ B-o)x+ lly =%-b @®



Configuration of planes when there is not a unique intersection point.

Is there a strategy behind what you teach? Are you able to get your students to
understand why your strategy works?

Fosist to show an man@h&!

a Determine the values of the real constants ¢ and b for which there are infinitely many
solutions to the simultaneous equations

2x+3y+ z=6 @
-X+ y+2z=7 @
ax+ y+4z=»>b @ (6 marks)

b Give a geometric interpretation of the three planes formed by these equations.
(1 mark)
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Configuration of planes when there is not a unique intersection point.

Is there a strategy behind what you teach? Are you able to get your students to I Wﬁ Sdhlh.oﬂ l c\ul
?
understand why your strategy works? ngj B tn Q)A.MU‘ﬁlf_ 2

Fosist to show an man\q:)&! fiﬂ@ o ahé)) 9”1(@,

a Determine the values of the real constants ¢ and b for which there are infinitely many P[D-IUL H’lﬁh Can

solut;ons ;o the 51m6ul(t5neous equations 0 m&imn 0 @
2X+3y+ z= FD
™
T wd hot formal. o the
ax+ y+4z=b 3 (6 marks) (CL)
b Give a geometric interpretation of the three planes formed by these equations.
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Configuration of planes when there is not a unique intersection point.

Is there a strategy behind what you teach? Are you able to get your students to
understand why your strategy works?

Fosigst to show an Maﬂ‘fPLQ’

a Determine the values of the real constants ¢ and b for which there are infinitely many
solutions to the simultaneous equations

2x+3y+ z=6 @)
-X+ y+2z=7 @)
ax+ y+4z=»>b @ (6 marks)

b Give a geometric interpretation of the three planes formed by these equations.
(1 mark)
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Configuration of planes when there is not a unique intersection point.

Is there a strategy behind what you teach? Are you able to get your students to
understand why your strategy works?

Fosist to show an mamp&!

a Determine the values of the real constants ¢ and b for which there are infinitely many
solutions to the simultaneous equations

2x+3y+ z=6
-X+ y+2z=7
ax+ y+4z=»>b (6 marks)

b Give a geometric interpretation of the three planes formed by these equations.
(1 mark)
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What is the integral, f% dx?
Pt f gdn e 4] 2 d - 3biasc

R ) grde = 3] odx = Ihjaf4c
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Integration (+ constant; ¢ > 0 where relevant) ’mLS LSﬂt mﬂ% B[Lt d; A MLQ&AM
£(x) jf(x) dx Em\q toﬂ_m‘ Shl&ﬂﬂ‘:& e this B WM
! arcosh (E), In{x + Vx* =@’} (x> a) MMQ{ H(lat
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MY STUDENT'S  WORK.

15. The number of mice on an island is being monitored.
When monitoring began there were 4000 mice on the island.

In a simple model, the number of mice x, in thousands, is modelled by the equation

_k(3t+2)
T 4t+5

Wwhere k is a constant and ¢ is the number of years after monitoring began.

(a) Find a complete equation for this model.
(b) Hence calculate the long-term population of mice predicted by this model.
In a second model, the number of mice x, in thousands, is modelled by the

differential equation

4—=6x—x"

where ¢ is the number of years after monitoring began.

5 in partial fraction form.
X — X

4
c) Write
(c) Wri p
(d) Solve the differential equation with the given initial condition to show that

3,
12¢’
3,9

%

&) sub. + =0, L e diniiesith

(e) Hence find the long-term population of mice predicted by this second model.
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15. The number of mice on an island is being monitored.

When monitoring began there were 4000 mice on the island.

In a simple model, the number of mice x, in thousands, is modelled by the equation

k(3+2)
RS

where £ is a constant and ¢ is the number of years after monitoring began.

(a) Find a complete equation for this model.
(b) Hence calculate the long-term population of mice predicted by this model.

In a second model, the number of mice x, in thousands, is modelled by the
differential equation

2

=6x—x

dx
wrn

where 7 is the number of years after monitoring began.

in partial fraction form.

4
c) Write
© 6x — x°

(d) Solve the differential equation with the given initial condition to show that

=t
12¢’

3
E',’.

l@ze

(e) Hence find the long-term population of mice predicted by this second model.
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MY STUDENT'S  WORK.
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STURENT'S  WORK

:%\N Question 15 continued

4!»414} = —:M—ZI +C=0

~Asinfz) +c =0

C=-"%5ln(2)
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THE EXPECTED APYROACH .
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MY STUDENT'S WORK ME EXPECTED APPROACH
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Use the substitution u? = sin x to evaluate the definite integral [ V1 — sinx dx.

W= 3T D Qui‘i_com,
M. sinx >0 da -
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Use the substitution u? = sin x to evaluate the definite integral [ V1 — sinx dx.
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